Introduction
In the paper [14] , we studied birational geometry of anticanonically embedded Q-Fano 3-fold weighted complete intersections of codimension 2 (Q-Fano WCIs of codimension 2, for short). As a consequence, among 85 families of such 3-folds, general members of 19 families are proved to be birationally rigid and the remaining 66 families consist of birationally non-rigid varieties. The aim of this paper is to continue the work and determine the birational Mori fiber structures of members of suitable families.
Let X be a Q-Fano variety with only terminal singularities and with Picard number one. A Mori fiber space which is birational to X is called a birational Mori fiber structure of X. We say that X is birationally rigid (resp. birationally birigid) if the birational Mori fiber structures of X consists of exactly one Mori fiber space which is X itself (resp. two Mori fiber spaces including X itself).
We explain known results for Q-Fano 3-folds embedded in weighted projective spaces in this direction. There are 95 families of anticanonically embedded Q-Fano 3-fold weighted hypersurfaces, and Corti-Pukhlikov-Reid [7] proved birational rigidity of a general member of each one of 95 families. Recently, Cheltsov-Park [3] strengthened the result and proved birational rigidity of every quasismooth members. Corti-Mella [6] studied special quartic 3-folds and exhibited an example of birationally birigid Q-Fano 3-folds. Brown-Zucconi [2] and Ahmadinezhad-Zucconi [1] studied Q-Fano 3-folds embedded in weighted projective 6-spaces and in particular proved that many of them are not birationally rigid. In this codimension 3 case, the situation becomes quite complicated compared to lower codimensional cases and the complete determination of birational Mori fiber structures seems to be quite difficult.
Before stating the main theorem of this paper, we recall the previous result in [14] and explain the main objects of this paper. The 85 families of Q-Fano WCIs of codimension 2 are given in [9] and we denote by G i the family No. i for i ∈ I := {1, 2, . . . , 85}. . Let X be a general member of G i , i ∈ I * := I \ {1, 2, 3}. Then maximal singularities on X are classified and there is a disjoint decomposition I * = I * br ∪ I * F ∪ I * dP with the following properties. (1) X is birationally rigid for i ∈ I * br . (2) Assume that i ∈ I * F . There is a Sarkisov link to a Q-Fano 3-fold X and each maximal singularity on X is untwisted by a Sarkisov link which is either a birational involution or a link to X . The target X is not isomorphic to X and it is an anticanonically embedded Q-Fano weighted hypersurface with a unique non-quotient teminal singular point. (3) Assume that i ∈ I * dP . There is a Sarkisov link to a del Pezzo fiber space X /P 1 over P 1 and each maximal singularity on X is untwisted by a Sarkisov link which is either a birational involution or a link to X . Theorem 1.1 is not enough to determine the Mori fiber structures of X ∈ G i for i ∈ I * F ∪ I * dP because it says nothing about maximal singularities on the Mori fiber space X in (2) or (3) and X may admit a Sarkisov link to a Mori fiber space other than X and X . The aim of this paper is to prove a result similar to Theorem 1.1 for X and conclude birational birigidity of X ∈ G i for i belonging to a suitable subset I F,cAx/2 ∪ I F,cAx/4 of I * F . We explain main objects of this paper. It is well known that 3-dimensional terminal singularities which are not quotient singularities are compound du Val singularities and they are divided into several types such as cA, cD, cE, cA/n, etc. Among them we especially consider cAx/2 and cAx/4 singular points. We fix i ∈ I * F . For X ∈ G i , the Q-Fano 3-fold X in Theorem 1.1 is an anticanonically embedded Q-Fano weighted hypersurface admitting a unique non-quotient terminal singular points together with some terminal quotient singular points. The non-quotient singular points of general members of the family G i := {X | X ∈ G i } share the same type. We consider subsets I F,cAx/2 and I F,cAx/4 of I which are defined by the following rule: we have i ∈ I F,cAx/2 (resp. i ∈ I F,cAx/4 ) if and only if a general member of G i has a singular point of type cAx/2 (resp. cAx/4). Specifically, those subsets are given as We state the main theorem of this paper and its direct consequence. Theorem 1.2. Every quasismooth member X of the family G i is birationally birigid for i ∈ I F,cAx/2 ∪ I F,cAx/4 . More precisely, X is birational to a member X of the family G i and is not birational to any other Mori fiber space. Corollary 1.3. Every quasismooth member of the family G i is not rational for i ∈ I F,cAx/2 ∪ I F,cAx/4 .
2.
Preliminaries and the structure of proof 2.1. Notation and convention. Throughout the paper we work over the field C of complex numbers. A normal projective variety X is said to be a Q-Fano variety if −K X is ample, it is Q-factorial, has only terminal singularities and its Picard number is one. We say that an algebraic fiber space X → S is a Mori fiber space if X is a normal projective Q-factorial variety with at most terminal singularities, dim S < X, the anticanonical divisor of X is relatively ample over S and the relative Picard number is one.
Let X be a normal projective Q-factorial variety, H a linear system on X, D ⊂ X a Weil divisor and C ⊂ X a curve. We say that H is Q-linearly equivalent to D, denoted by H ∼ Q D, if a member of H is Q-linearly equivalent to D. We define (H · C) := (H · C) for H ∈ H. Assume that X has only terminal singularities. In this paper, by an extremal divisorial extraction ϕ : Y → X centered along Γ ⊂ X, we mean a contraction of a K Y -negative extremal ray which contracts a divisor to Γ from a normal projective Q-factorial variety Y with only terminal singularities.
A closed subscheme Z in a weighted projective space P(a 0 , . . . , a n ) is quasismooth (resp. quasismooth outside p, where p is a vertex) if the affine cone C Z ⊂ A n+1 is smooth outside the origin (resp. outside the closure of the inverse image of p via the morphism A n+1 \ {o} → P(a 0 , . . . , a n )). For i = 0, 1, . . . , n, we denote by p i the vertex (0 : · · · : 1 : · · · : 0) of P(a 0 , . . . , a n ), where the 1 is in the (i + 1)-th position.
Let X be a weighted hypersurface in P := P(a 0 , . . . , a 4 ) which is a member of G i for i ∈ I F,cAx/2 ∪ I F,cAx/4 . We write x 0 , . . . , x 3 , w (resp. x, y, z . . . , w) for the homogeneous coordinates when we treat several families at a time (resp. a specific family). For example, we write x 0 , x 1 , y, z, w (resp. x, y, z, t, w) for the homogeneous coordinates of P(1, 1, 2, 3, 2) (resp. P(1, 2, 3, 5, 4)). The coordinate w is distinguished so that the vertex at which only the coordinate w is non-zero is the unique cAx/2 or cAx/4 point of X . For homogeneous polynomials f 1 , . . . , f m in the variables x 0 , . . . , x 3 , w or x, y, z, . . . , w, we denote by (f 1 = · · · = f m = 0) the closed subscheme of P defined by the homogeneous ideal (f 1 , . . . , f m ) and denote by (f 1 = · · · = f m = 0) X the scheme-theoretic intersection of (f 1 = · · · = f m = 0) and X . For a polynomial f = f (x 0 , . . . , x 3 , w) and a monomial x 3 w c / ∈ f ) if the coefficient of the monomial in f is non-zero (resp. zero).
A weighted complete intersection curve (WCI curve, for short) of type (c 1 , c 2 , c 3 ) (resp. of type (c 1 , c 2 , c 3 , c 4 )) in P(a 0 , . . . , a 4 ) (resp. P(a 0 , . . . , a 5 )) is an irreducible and reducible curve defined by three (resp. four) homogeneous polynomials of degree c 1 , c 2 and c 3 (resp. c 1 , c 2 , c 3 and c 4 ).
2.2.
Divisorial extraction centered at a singular point. In this subsection we recall the classification of divisorial extractions centered at a terminal quotient singular point, a cAx/2 point and a cAx/4 point.
Theorem 2.1 ([12]
). Let (X, p) be a germ of a terminal quotient singular point of type 1 r (1, a, r − a), where r is coprime to a and 0 < a < r. If ϕ : Y → X is a divisorial contraction centered along Γ such that p ∈ Γ, then Γ = p and ϕ is the weighted blowup with weights 1 r (1, a, r − a).
The weighted blowup in the above theorem is called the Kawamata blowup at p. It is the unique extremal divisorial extraction centered at a terminal quotient singular point p. This theorem in particular implies that there is no divisorial extraction centered along a curve through a terminal quotient singular point. In the following, Z m denotes the cyclic group of order m, (x, y, z, u)/Z m (a, b, c, d) is the quotient of the affine 4-space with affine coordinates x, y, z, u under the Z m -action given by (x, y, z, u) → (ζ a m x, ζ b m y, ζ c m z, ζ d m u), where ζ m is a primitive m-th root of unity, and (g(x, y, z, u) = 0)/Z m (a, b, c, d) is the quotient space of the hypersurface g = 0 in A 4 for a Z m -semi-invariant polynomial g. Definition 2.2. Let X be a germ of a 3-dimensional terminal singularity. We say that the singularity is of type cAx/2 (resp. cAx/4) if there is an embedding X → (x, y, z, u)/Z 2 (0, 1, 1, 1) (resp. X → (x, y, z, u)/Z 4 (1, 3, 1, 2)) such that X ∼ = (x 2 + y 2 + f (z, u) = 0)/Z 2 (0, 1, 1, 1), (resp. X ∼ = (x 2 + y 2 + f (z, u) = 0)/Z 4 (1, 3, 1, 2)),
where f (z, u) ∈ (z, u) 4 C{z, u} is a Z 2 -invariant (resp. f (z, u) ∈ C{z, u} is a Z 4 -semi-invariant and u / ∈ f (z, u)).
By the main results of [11] , every divisorial extraction centered at cAx/2 (resp. cAx/4) point has discrepancy 1/2 (resp. 1/4), hence the following result gives the complete classification of divisorial extractions centered at cAx/2 or cAx/4 point. Let us consider the weight given by wt(z) = wt(u) = 1/2 and let k = wt(f (z, u)) be the weight of f (z, u). We denote by f wt=k (z, u) the weight = k part of f (z, u).
(1) If f wt=k (z, u) is not a square, then there is a unique divisorial extraction ϕ : Y → X of X with discrepancy 1/2, which is the weighted blowup with
is a square, then there are exactly two divisorial extractions ϕ ± : Y ± → X of X with discrepancy 1/2 (see Remark 2.5 below for the description of ϕ ± ).
Theorem 2.4 ([8, Theorems 7.4 and 7.9]). Let X be a germ of a cAx/4 point with the embedding
Let us consider the weight given by wt(z) = 1/4 and wt(u) = 1/2, and let k be the nonnegative integer such that wt(f (z, u)) = (2k + 1)/2. We denote by f wt=(2k+1)/2 the weight = (2k + 1)/2 part of f (z, u).
(1) If f wt=(2k+1)/2 (z, u) is not a square, then there is a unique divisorial extraction ϕ : Y → X of X with discrepancy 1/4, which is the weighted blowup with
is a square, then there are exactly two divisorial extractions ϕ ± : Y ± → X of X with discrepancy 1/4 (see Remark 2.5 below for the description).
Remark 2.5. We explain the description of ϕ ± in Theorems 2.3 and 2.4. We refer the reader to [8, Sections 7 and 8] for a detail. Let X be the germ of a cAx/2 (resp. cAx/4) point with the embedding as in Theorem 2.3 (resp. 2.4). Assume that f wt=k (z, u) = −g(z, u) 2 (resp. f wt=(2k+1)/2 = −g(z, u) 2 ) for some g(z, u).
We first consider the case where k is even. Let
Composing the above isomorphism, X is embedded into (x 1 , y 1 , z 1 , u 1 )/Z 2 (resp. (x 1 , y 1 , z 1 , u 1 )/Z 4 ) with the defining equation
. Then ϕ ± is the weighted blowup of X with wt(x 1 , y 1 , z 1 , u 1 ) = 1 2 (k + 2, k + 1, 1, 1) (resp. 1 4 (2k + 5, 2k + 3, 1, 2)). We consider the case where k is odd. Replacing x and y in the above argument, we have the embedding X → (x 1 , y 1 , z 1 , u 1 )/Z 2 (resp. (x 1 , y 1 , z 1 , u 1 )/Z 4 ) with the equation
. Then ϕ ± is the weighted blowup with wt(x 1 , y 1 , z 1 , u 1 ) = 1 2 (k + 1, k + 2, 1, 1) (resp. 1 4 (2k + 3, 2k + 5, 1, 2)). Note that ϕ + and ϕ − are distinct divisorial extractions of X. Definition 2.6. Let X be a germ of a cAx/2 (resp. cAx/4) point with the embedding as in Theorem 2.3 (resp. 2.4) and we keep notation there. We say that it is of square type if the lowest weight term f wt=k (z, u) (resp. f wt=(2k+1)/2 ) of f (z, u) is a square. We say that it is of non-square type if it is not a square type.
2.3. Definition of maximal singularities. Let X be a Q-Fano variety and H a movable linear system on X, that is, H is a linear system without base divisor. Let n be a positive rational number such that H ∼ Q −nK X . Definition 2.7. We define c(X, H) := max{λ | K X + λH is canonical} and call it the canonical threshold of the pair (X, H).
where m E (H) is the multiplicity of H along E and a E (K X ) is the discrepancy of K X along E. We say that an extremal divisorial extraction is a maximal singularity if there is a movable linear system H on X such that the extraction is a maximal singularity of H. A subvariety Γ ⊂ X is called a maximal center if there is an maximal singularity Y → X whose center is Γ.
A maximal singularity in this paper is called a strong maximal singularity in [7] . Note that this definition of maximal singularity is different from the original one given in [10] . A maximal singularity in the original form is a divisor E over X such that the inequality
holds, so the corresponding maximal center is the center of non-canonical singularities of the pair (X, 1 n H). The paper [3] employs this definition. The point is that we only consider divisors over X which appear as exceptional divisors of extremal divisorial extractions. We have the following implications: if ϕ : Y → X is a maximal singularity (resp. Γ ⊂ X is a maximal center), then the exceptional divisor E of ϕ is a maximal singularity (resp. Γ is a maximal center) in the original sense.
2.4. Excluding methods. In this subsection, we explain several methods to exclude maximal singularities in a general setting. Although most of the methods in this subsection are already appeared in the literature at least for particular class of Q-Fano 3-folds, we re-state them in a general setting and give a proof for some of them. We believe that this also serves as a possible future reference.
In this subsection, let X be a Q-Fano 3-fold and we set A := −K X . If we are given a birational morphism ϕ : Y → X, then we denote by B the anticanonical divisor −K Y of Y . Recall that a Q-Fano variety in this paper is Q-factorial with Picard number one and has only terminal singularities.
We explain methods which are mainly used to exclude curves.
Lemma 2.9. Let Γ ⊂ X be an irreducible and reduced curve.
Proof. The proof is taken from STEP 1 of the proof of [7, Theorem 5.1.1] . Assume that Γ is a maximal center of a movable linear system H ∼ Q nA. Then there is an divisorial extraction ϕ : Y → X centered along Γ with exceptional divisor E, which is the blowup of X along Γ around the generic point of Γ. We have m := mult E (H) > n. Let s > 0 be a sufficiently divisible integer such that sA is very ample. Let H 1 , H 2 ∈ H and S ∈ |sA| be general members. Then we have
This shows that n ≥ m. This is a contradiction and Γ is not a maximal center.
Lemma 2.10. Let Γ ⊂ X be an irreducible and reduced curve. Assume that there is an effective divisor S on X containing Γ and a movable linear system M on X whose base locus contains Γ with the following properties.
(1) S ∼ Q mA for some rational number m ≥ 1.
(2) For a general member T ∈ M, T is a normal surface, the intersection S ∩ T is contained in the base locus of M set-theoretically and S ∩ T is reduced along Γ. (3) Let T ∈ M be a general member and let Γ, Γ 1 , . . . , Γ l the irreducible and reduced curves contained in the base locus of M.
Proof. Assume that Γ is a maximal center of a movable linear system H ∼ Q nA. Then there is an exceptional divisor E over X with center Γ such that mult E H > n. Let T ∈ M be a general member. Since the base curves of M are Γ, Γ 1 , . . . , Γ l and S ∩ T is reduced along Γ, we can write
where γ, γ i ≥ 0, c i ≥ 0 and L is a movable linear system on T . We have
We set
If c 1 = · · · = c l = 0 (this includes the case where l = 0), then
since L is nef and Γ = Γ i . This implies γ ≤ 1/m ≤ 1, a contradiction. Thus, possibly re-ordering Γ i 's, we may assume that c 1 , . . . , c k are non-zero, c k+1 =
It follows that γ ≤ 1/m ≤ 1. This is a contradiction and we have γ > γ 1 /c 1 . We set
Let ∆ 1 be the effective 1-cycle on T as in (3) . We have
This is a contradiction and Γ is not a maximal center.
We explain methods which are mainly used to exclude nonsingular points. [5, Corollary 3.4] ). Let p ∈ X be a germ of a nonsingular 3-fold and H a movable linear system on X. Assume that
Theorem 2.12 ([5, Theorem 3.1]). Let p ∈ ∆ 1 + ∆ 2 ⊂ S be an analytic germ of a normal crossing curve on a nonsingular surface. Let L be a movable linear system on S, and write (L 2 ) p for the local intersection multiplicity (
Fix rational numbers a 1 , a 2 ≥ 0, and assume that
is not log canonical at p. Then the following assertions hold. is an isolated component for some positive integer s and, in the case Γ is a curve, the generic point of Γ appears in Bs L s Γ with multiplicity one. Lemma 2.14 ( [7] ). Let p ∈ X be a nonsingular point. If lA isolates p for some 0 < l ≤ 4/(A 3 ), then p is not a maximal center.
Proof. See [7, Proof of (A)] for a proof.
We explain methods which are mainly used to exclude singular points. The following is a direct consequence of Lemma 2.15. Corollary 2.16. Let ϕ : Y → X be an extremal divisorial extraction with exceptional divisor E centered along an irreducible and reduced subvariety Γ ⊂ X.
Lemma 2.17. Let ϕ : Y → X be an extremal divisorial extraction centered at a point p ∈ X with exceptional divisor E. Assume that (B 3 ) ≤ 0 and there are surfaces S and T on Y with the following properties.
(1) S ∼ Q aB + dE and T ∼ Q bB + eE for some integers a, b, d, e such that a, b > 0, 0 ≤ e < a E (K X )b and ae − bd ≥ 0. (2) The intersection Γ := S ∩ T consists of irreducible and reducible curves which are numerically proportional to each other.
Then, ϕ is not a maximal singularity.
Proof. Let R ⊂ NE(Y ) be the extremal ray generated by a curve contracted by ϕ and Q the other extremal ray so that NE(Y ) = R + Q. We write Γ = γ i Γ i , where γ i > 0 and Γ i 's are irreducible and reduced curves. By (2), each component of Γ is in the ray spanned by Γ.
We claim that Q is generated by Γ. We have
since (E · R) < 0 and e − a E (K X )b < 0. In particular Γ does not belong to R and thus (ϕ * A · Γ) > 0 and
Let α ≥ 0 be the rational number such that (T + αE · Γ) = 0. It is enough to show that M := T + αE is nef. We set β = (a E (K X )b − e) − α. Note that β > 0 because otherwise Γ intersects M ∼ Q bϕ * A − βE positively. Assume that M is not nef. Then there is an irreducible and reduced curve C ⊂ Y such that (M · C) < 0. This implies that
Thus we have (T · C) = (M · C) − α(E · C) < 0, and
These show that C is contained in both S and T . It follows that C = Γ i for some i. But this is a contradiction since (M · Γ i ) = 0. Therefore, M is nef and thus Q is generated by Γ. Assume that ϕ is a maximal singularity. Then there is a movable linear system H ∼ Q nA on X such that the rational number c defined by
is an effective 1-cycle on Y and thus it is contained in NE(Y ) = R + Q. This is impossible since S · E generates R and S · T = S · (bB + eE) generates Q. Therefore, ϕ is not a maximal singularity.
The following results are due to [3] .
Lemma 2.18. Let ϕ : Y → X be an extremal divisorial extraction with exceptional divisor E. Suppose that there is an effective divisor S ∼ Q bB + eE with b > 0 and e ≥ 0 on Y and a normal surface T = E on Y such that the support of the one-cycle S| T consists of curves on T whose intersection form is negativedefinite. Then ϕ is not a maximal singularity.
Proof. This is a version of [3, Lemma 3.1.7] and we follow the proof there. Set S| T = c i C i , where c i > 0 and C i are distinct irreducible and reduced curves on T . Assume that ϕ is a maximal singularity. Then there is a movable linear system H ∼ Q −nK X for some rational number n > 0 such that the rational number c defined by
where H Y is the birational transform of H by ϕ, is positive. Since
This cannot happen since the intersection form of C i 's is negative-definite, and thus ϕ is not a maximal singularity.
Lemma 2.19. Let ϕ : Y → X be an extremal divisorial extraction with exceptional divisor E. Suppose that there are infinitely many irreducible and reduced
Proof. This is a re-statement of [3, Lemma 3.1.8] in a general setting and we follow the proof there. Assume that ϕ is a maximal singularity. Then there is a movable linear system on H ∼ Q −nK X for some rational number n > 0 such that the rational number c defined by
where H Y is the birational transform of H by ϕ, is positive. We have
LetC λ be the proper transform of C λ by ϕ. It follows that
by the assumption on the intersection numbers and the positivity of c. This shows thatC λ is contained in the base locus H Y . This is a contradiction since there are infinitely many suchC λ 's and H Y is movable. Therefore ϕ is not a maximal singularity.
2.5. Untwisting birational maps. Let X be a Q-Fano 3-fold.
Definition 2.20. Let ϕ : Y → X be a maximal singularity. We say that a birational map ι : X X to a Q-Fano 3-fold X untwists the maximal singularity ϕ, or is an untwisting birational map for ϕ, if for any movable linear system H ∼ Q n(−K X ) such that ϕ is a maximal singularity of H, the rational number n defined by H ∼ Q n (−K X ), where H is the birational transform of H by ι, satisfies n < n.
We say that a birational map between normal projective varieties is small if it is biregular in codimension one.
Lemma 2.21. Let ϕ : Y → X be a maximal singularity. Let ι : X X be a birational map to a Q-Fano 3-fold X which is not biregular. If there is an extremal divisorial extraction ϕ : Y → X such that the induced birational map
Y is small, then ι untwists the maximal singularity ϕ.
Proof. Let H ∼ Q n(−K X ) be a movable linear system such that ϕ is a maximal singularity of H, and H ∼ Q n (−K X ) the birational transform of H on X . Let E and E be exceptional divisors of ϕ and ϕ , respectively. Set B = −K Y and B = −K Y . We have τ * B = B since τ is small. We write τ * E = αB + βE for some rational numbers α and β. We claim that α > 0. Since τ * E is an effective divisor, we have α ≥ 0. If α = 0, then ι : X X is an isomorphism in codimension one. But then ι is an isomorphism since the Picard numbers of X and X are one. Thus α > 0.
We write ϕ * H = H Y + mE so that
where a = a E (K X ). We have m > na since ϕ is a maximal singularity of H. We have
It follows that n = αna + n − αm < n since α > 0 and m > na. This completes the proof.
We recall the definition of Sarkisov links between Q-Fano 3-folds. Proof. Since ϕ is a maximal singularity, the 2-ray game starting with ϕ ends with a Mori fiber space X and gives a Sarkisov link η : X X (see [4] ). More precisely, we have a sequence
of inverse flips, flops and flips (in that order), where each Y i has only terminal singularities, and a K Y k -negative extremal contraction Y k → Z. The contraction Y k → Z is either divisorial or of fiber type. In the former case the output X := Z is a Q-Fano 3-fold and in the latter case the output X := Y k is a Mori fiber space. We shall show that X = X and η = ι.
Y j be the composite of inverse flips and τ j the birational automorphism of Y j induced by τ Y . We set B j := −K Y j which is fixed by (τ j ) * since τ j small. Note that for any divisor D on Y j which is not Q-linearly equivalent to a multiple of
• τ j • θ preserves both B and E. It follows that τ is biregular and thus ι is biregular as well. This is a contradiction.
We claim that j = k.
It follows that τ j is biregular since τ j preserves the ample divisor B j . Let D be the exceptional divisor of Y k → Z (resp. the pullback of a divisor on Z) if Y k → Z is divisorial (resp. of fiber type). Clearly D ∼ Q mB k for any m. By the definition of D, we have (τ j ) * D ∼ D and this implies that τ is biregular. This is a contradiction and we have j < k.
Assume −K Y j is ample. Then τ j is an isomorphism. In this case, the composite
is a composite of inverse flips and flips. This shows that ι is a Sarkisov link. By the uniqueness of 2-ray game, we have X = X and η = τ . Assume that τ j is not ample but is nef and big. Then Y j Y j−1 is a flip and Y j Y j+1 is a flop. Let Y j → Z j−1 be the corresponding flipping contraction and D the pullback of a divisor on Z j−1 . Note that B j and D generate the Picard group of Y j . We claim that τ j is not biregular. Indeed if it is biregular, then (τ j ) * D ∼ D since (τ j ) * (D) must be the divisor class defining the unique flipping contraction Y j → Z j−1 . But then τ Y is biregular. This is a contradiction and τ j is not biregular. It follows that τ j : Y j Y j is a flop and the composite
is a composite of inverse flips, flops and flips, and ι is a Sarkisov link. By the uniqueness of 2-ray game, we have X = X and η = ι. This completes the proof.
2.6. Definition of families and standard defining equations. In this subsection we define several families of Q-Fano weighted complete intersections. There are 95 (resp. 85) families of anticanonically embedded Q-Fano weighted hypersurfaces (resp. complete intersections of codimension 2) of dimension 3.
Definition 2.25. We define subsets of I = {1, 2, . . . , 85} as follows: We note that the numbering of the family G i of Q-Fano 3-fold weighted complete intersections of codimension 2 coincides with the one given in the Fletcher's list.
Let X be a member of G i with i ∈ I F,cAx/2 ∪ I F,cAx/4 = I ∪ I . Then there is a Sarkisov link X X to a Q-Fano 3-fold weighted hypersurface X . Although there may be several such links, the target X is uniquely determined by X (see [14, Section 4.2] and also Section 3.1 for a detail). Definition 2.27. We call X the birational counterpart of X. We define G i to be the family of birational counterparts of members of G i (cf. Section 8.2).
In order to make explicit the family G i , we introduce standard defining equations. Let X be a member of G i , which is a complete intersection X = X d 1 ,d 2 ⊂ P(a 0 , . . . , a 5 ) of weighted hypersurfaces of degree d 1 and d 2 . In this subsection we assume that d 1 < d 2 , a 5 ≥ a i for any i and a 2 ≤ a 3 . Note that we do not assume a 0 ≤ · · · ≤ a 5 . Let x 0 , x 1 , x 2 , x 3 , u and v be the homogeneous coordinates of P(a 0 , . . . , a 5 ) with deg
Assume that i ∈ I . In this case, after re-ordering a i 's, we may assume that a 5 = a 4 , d 1 = a 0 + a 5 = 2a 1 and d 2 = a 4 + a 5 = 2a 4 . By a suitable choice of coordinates, defining equations of X can be written as
. Quasismoothness of X in particular implies that x 2 1 ∈ g and, after re-scaling x 1 , we assume that the coefficient of x 2 1 in g is 1. Assume that i ∈ I . In this case, after re-ordering a i 's, we may assume that a 5 > a i for i = 5, d 1 = a 0 + a 5 = 2a 4 and d 2 = a 4 + a 5 = 2a 1 . By a suitable choice of coordinates, defining equations of X can be written as
where
. Quasismoothness of X implies x 2 1 ∈ h and, after re-scaling x 1 , we assume that the coefficient of x 2 1 in h is 1. We call (1) or (2) standard defining equations of a member X of G i .
Let X be a member of G i , i ∈ I ∪ I , defined by standard defining equations as above. Then the birational counterpart of X is the weighted hypersurface
where b := a 4 − a 0 . We call the above equation (3) a standard equation for a member X of G i .
Lemma 2.28. Let X be a member of G i , where i ∈ I ∪ I , with a standard defining equation and p = (0 : 0 : 0 : 0 : 1) the point of X .
(1) X is quasismooth outside p and it has only terminal quotient singular points except at p . (2) If i ∈ I 2 (resp. I 4 ), then X has a cAx/2 (resp. cAx/4) point at p . (3) If i ∈ I (resp. i ∈ I ), then the singularity of X at p is of non-square type if and only if f = 0 (resp. (∂g/∂x 1 )(0, 0, x 2 , x 3 ) = 0) as a polynomial.
. After a suitable coordinate change, the germ (X , p ) is analytically isomorphic to
where b = 2 or 4 depending on whether i ∈ I 2 or i ∈ I 4 . This proves (2) . Suppose that i ∈ I (resp. i ∈ I ). Then the lowest weight part of ϕ coincides with −f 2 /4 (resp. −g 2 /4), where g = (∂g/∂x 1 )(0, 0, x 2 , x 3 ) and the weight is defined as in Definition 2.2. This proves (3).
Remark 2.29. Let X be a member of G i with a standard defining equation. If i ∈ I , then the assertion x 2 1 ∈ h follows from (1) of Lemma 2.28. But if i ∈ I , then the assertion x 2 1 ∈ g does not necessarily follow from (1) of Lemma 2.28.
2.7.
Structure of the proof. We explain the structure of the proof of the main theorem. In [14] , we classified maximal singularities of X ∈ G i and showed that to each maximal singularity there is associated a Sarkisov link which is either a birational involution or a link to X ∈ G i . In [14] , the family G i consists of quasismooth members of the family No. i satisfying additional condition [14, Condition 3.1] . The additional condition is vacuous for i ∈ I F,cAx/2 ∪I F,cAx/4 \{19} but not for i = 19 ∈ I F,cAx/2 . In this paper we strengthen the previous result [14, Theorem 1.4] for the family No. 19. Thus we re-state the main result of the previous paper reflecting the new ingredient for the family No. 19. Recall that, in this paper, G i is the quasismooth member of the family No. i (without any other additional assumption).
Theorem 2.30. Let X be a member of the family G i with i ∈ I F,cAx/2 ∪ I F,cAx/4 . Then there is a Sarkisov link to the birational counterpart X ∈ G i . Moreover, no curve and no nonsingular point on X is a maximal center, and for each singular point p of X, one of the following holds.
(1) p is not a maximal center.
(2) There is a birational involution ι p : X X which is a Sarkisov link centered at p. In this paper, we do the same thing for X ∈ G i and prove the following.
Theorem 2.31. Let X be a member of G i for i ∈ I F,cAx/2 ∪ I F,cAx/4 . Then the maximal singularities on X are classified and the following assertions hold.
(1) No curve and no nonsingular point is a maximal center.
(2) If a terminal quotient singular point is a maximal center, then there is birational involution of X which untwists p. (3) If i ∈ I (resp. i ∈ I ), then there exist a unique Sarkisov link (resp. exatly two Sarkisov links) centered at the cAx/2 or cAx/4 point, and they are all Sarkisov links to the birational counterpart X ∈ G i of X .
Finally, we explain why these results imply Theorem 1.2 in a general setting.
Lemma 2.32. Let X = X 1 , X 2 , . . . , X m be Q-Fano 3-folds which are birational to each other. Assume that, for i = 1, . . . , m and for each maximal singularity on X i , there exists an untwisting birational map to X j for some 1 ≤ j ≤ m starting with the maximal singularity. Then the birational Mori fiber structures of X are precisely X 1 , . . . , X m .
Proof. Suppose that we are given a birational map ψ : X = X 1 V to a Mori fiber space V /T . The aim is to show that V is isomorphic to X j for some j ∈ {1, 2, . . . , m}. We fix a complete linear system H V of a sufficiently ample divisor on V and let n V be the quasieffective threshold of (V /T, H V ), that is,
By the Noether-Fano-Iskovskikh inequality (cf. [4, (4.2) Theorem]) , we have n ≥ n V and equality holding if and only if ψ : X V is an isomorphism. We may assume that ψ is not an isomorphism. Then the pair (X, 1 n H) is not canonical and there is a maximal singularity of H (cf. [4, (2.10) Proposition-definition and (4.2) Theorem]). By the assumption, there is an untwisting birational map σ 1 : X X i 1 for some i 1 ∈ {1, 2, . . . , m} starting with the maximal singularity.
Otherwise, the birational transform H 1 ∼ Q n 1 (−K X 1 ) of H V on X i 1 has a maximal singularity and there is an untwisting birational map σ 2 : X i 1 X i 2 for some i 2 ∈ {1, 2, . . . , m}. Note that n 1 < n. Repeating this procedure, we have a sequence X X i 1 X i 2 · · · of untwisting birational maps. Note that we have a sequence n > n 1 > n 2 > · · · of strictly decreasing rational numbers, where n j is such that H j ∼ Q n j (−K X j ). Since there are only finitely many Q-Fano 3-folds involved in this argument, the n j 's have bounded denominators. Thus, the above procedure ends in finitely many steps and this shows that V ∼ = X i k for some i k ∈ {1, 2, . . . , m}. This completes the proof.
We explain the content of the paper. In Section 3, we construct Sarkisov links centered at the cAx/2 or cAx/4 point p of X to the birational counterpart X ∈ G i of X and show that those links exhaust Sarkisov links centered at p . Moreover, we construct birational involutions which are Sarkisov links centered at paticular terminal quotient singular points of X . The remaining sections will be devoted to exclude the remaining centers as maximal singularity. In Section 4 and 5, we exclude curves and nonsingular points on X as maximal center, respectively. In Section 6, we exclude terminal quotient singular points as maximal center, except for the points centered at which there is a birational involution. We treat some special centers on special members in Section 7.
Sarkisov links
We construct various Sarkisov links from members of G i .
3.1. Sarkisov links to G i . Let X = X + be a member of the family G i with a standard defining equation, that is,
. Note that b = 2 or 4 depending on whether i ∈ I F,cAx/2 or i ∈ I F,cAx/4 . Let X = X + be the birational counterpart of X , that is, it is a weighted complete intersection in P(a 0 , . . . , a 4 , a 5 ) with homogeneous coordinates x 0 , . . . , x 3 , u and v defined as
where a 4 = a 0 +b, a 5 = d−(a 0 +b). In [14, Section 4.2], Sarkisov links between X and X are constructed and we recall them from now on. We define the weighted hypersurface in P(a 0 , . . . , a 4 ) with homogeneous coordinates x 0 , . . . , x 3 and u as follows
We have the following Sarkisov link
where ϕ + is the weighted blowup of X with wt(x 0 , x 1 , x 2 , x 3 ) = 1 b (a 4 , a 1 , a 2 , a 3 ) at the cAx/2 or cAx/4 point, ϕ + is the Kawamata blowup of X + at p 5 ∈ X + , ψ + and ψ + are flopping contractions, and τ + is the flop. Let σ + : X = X + X be the induced birational map.
In the case where the singularity of X at the cAx/2 or cAx/4 point is of square type, there is another extremal divisorial contraction ϕ − centered at the point. We shall explain that ϕ − leads to a Sarkisov link to the same variety X.
We first consider the case i ∈ I . We define
We see that X − is a member of G i with a standard defining equation and there is an isomorphism j :
and j * w = w. After identifying X and X − via j , there is a Sarkisov link
whose construction is the same as that of X + . We see that
The induced birational map ι := σ
, ι * u = u and ι * v = u. We identify X = X + and X − via the isomorphism ι. We see that divisorial extraction ϕ + and ϕ − lead to Sarkisov links to X. Note that in the case where the cAx/2 or cAx/4 of X is of non-square type, which is equivalent to saying f = 0 as a polynomial, we have g = g − and h = h − , hence two links σ ± define the same link. In this case, we set σ := σ + = σ − : X X, Y = Y + = Y − and ϕ = ϕ + = ϕ − . We consider the case i ∈ I . Since deg g < 2a 1 , we may write
. Without loss of generality we may assume that h = 0 by replacing
Recall that the defining equation of X is w 3 x 2 0 + w 2 x 0 f + wg + h = 0. We set f − := f − αg and g − = x 1 (−α + x 0 g ) + g . α − := −α + x 0 g and g − := g − αh , and define
whose construction is the same as taht of X + . We see that
We have an isomorphism j :
and j * u = u. We identify X and X − via j and denote by σ − :
Note that in the case where the cAx/2 or cAx/4 point of X is of non-square type, which is equivalent to saying α = 0 as a polynomial, we have f − = f , α − = α and β − = β, hence X + = X − and two links σ ± define the same link. In this case we set X := X + (= X − ), σ := σ + (= σ − ) : X X and ϕ := ϕ + (= ϕ − ). Therefore, we have the following result.
Proposition 3.1. Let X be a member of the family G i with i ∈ I F,cAx/2 ∪I F,cAx/4 , X the birational counterpart of X which is a member of G i and p the cAx/2 or cAx/4 singular point of X .
(1) If p is of square type, then there are exactly two divisorial extractions ϕ ± : Y ± → X centered at p and they lead to Sarkisov links σ ± : X X. (2) If p is of non-square type, then there is a unique divisorial extraction ϕ : Y → X centered at p and it leads to the Sarkisov link σ : X X.
Birational involutions.
In this subsection we show that there is a birational involution of a member X of the family G i , i ∈ I cAx/2 ∪ I F,cAx/4 , which is a Sarkisov link centered at a terminal quotient singular point p marked Q.I. or E.I. in the third column of the table. We construct the anticanonical model Z of Y and observe that the anticanonical map Y Z is a morphism and that Z is a double cover of a suitable weighted projective 3-space. This can be done by the same argument as that of [7, Section 4] . The following lemma implies that this construction either exclude p as maximal center or leads to a Sarkisov link centered at p. (1) ψ is divisorial. In this case ϕ is not a maximal singularity.
(2) ψ is small. In this case ι Y is the flop of ψ and the diagram
Proof. We see that ψ is not an isomorphism and is either divisorial or small. Assume that ψ is divisorial. Let E be the exceptional divisor of ϕ and C an irreducible curve on Y which is contracted by ψ. Then we have (−K Y · C) = 0. Since C cannot be contracted by ϕ, we have
Thus (E ·C) > 0. This shows that there are infinitely many curves on Y which intersect −K Y non-positively and E positively. By Lemma 2.18, p is not a maximal singularity. Assume that ψ is small. We need to show that ι Y is indeed the flop of ψ, which is equivalent to showing that ι Y is not biregular. Note that the Picard group of Y is generated by −K Y and E. Since ι Y is an isomorphism in codimension one, we have ι
This shows that ι Y cannot be biregular and thus ι Y is the flop.
Theorem 3.3. Let X be a member of the family G i and p a terminal quotient singular point labeled Q.I. in the third column. In the case where the starred monomial is marked in the third column of the table, we assume that the monomial appears in the defining equation of X . Then there exists a birational involution ι p of X which is a Sarkisov link centered at p.
Proof. Let P(a 0 , . . . , a 4 ) be the ambient space of X with homogeneous coordinates x 0 , . . . , x 4 . After replacing coordinates, we can assume that p = p 4 and the defining polynomial of X is of the form
Moreover we see that x 0 , x 1 , x 2 , x 3 lift to anticanonical sections of Y , where Y → X is the Kawamata blowup of X at p. Then we have the anticanonical morphism ψ : Y → Z, where
where b = a 3 +a 4 . Here y is the homogeneous coordinate of degree b and ψ is given by the identification y = x 4 x 3 . Note that Z is a double cover of P(a 0 , a 1 , a 2 , a 3 ). We refer the readers to [7, Section 4.9] for the above construction. We shall show that ψ is small. We see that ψ contracts the proper transform of (x 3 = f = g = 0) ⊂ X. Assume that ψ contracts a divisor. Then there is a homogeneous polynomial h ∈ C[x 0 , x 1 , x 2 ] which divides both f (x 0 , x 1 , x 2 , 0) and g(x 0 , x 1 , x 2 , 0). Then the defining polynomial of X can be written as x 3 F + hG for some F.G ∈ C[x 0 , . . . , x 4 ]. This is a contradiction since X is Q-factorial.
Therefore ψ is small and there is a birational involution of X which is a Sarkisov link centered at p by Lemma 3.2.
In the case where the starred monomial is marked in the third column and the monomial does not appear in the defining polynomial, the corresponding point is excluded as maximal center in Proposition 6.14.
Let X = X 8 ⊂ P(1, 1, 2, 3, 2) be a member of G 19 and p a point of type
. This is the unique singular point marked E.I. in the table. The defining polynomial of X is of the form F = w 2 y(y + f 2 ) + wg 6 + h 8 , where
We assume that there is no WCI curve on X of type (1, 1, 2) passing through p, which is equivalent to yz 2 ∈ h 8 . In this case we shall construct a birational involution centered at p. By a suitable change of coordinates y, z, w, we can assume that p = p 2 and write
where lift to plurianticanonical sections of Y . Moreover, the anticanonical model Z of Y is the weighted hypersurface defined by the equation
)w = 0 in the weighted projective space P(1, 1, 2, 6, 9) with homogeneous coordinates x 0 , x 1 , w, u, v, and the corresponding map ψ : Y Z is a morphism. Z is a double cover of P(1, 1, 2, 6). Assume that there is no WCI curve of type (1, 1, 2) on X passing through p. Then either p is not a maximal center or there is a birational involution ι : X X centered at p which is a Sarkisov link.
Proof. This follows from Lemma 3.2 and the preceding argument.
The case where there is a WCI curve of type (1, 1, 2) on X passing through p will be treated in Section 7.3.
Excluding curves
In this section we exclude curves as maximal center.
4.1. Most of the curves. We can exclude most of the curves by Lemma 2.9.
Proposition 4.1. Let X be a member of the family G i for i ∈ I F,cAx/2 ∪ I F,cAx/4 and Γ an irreducible and reduced curve on X. Then Γ is not a maximal center except possibly for the following cases.
• X ∈ G 17 or G 19 , and deg Γ = 4.2. The remaining curves. Let X be a member of G 19 (resp. G 23 ), and Γ ⊂ X a curve of degree 1/2 (resp. 1/4) passing through the cAx/2 (resp. cAx/4) point. We shall show that Γ is not a maximal center.
The ambient weighted projective space of X is P (1, 1, 2, 3, b) , with homogeneous coordinates x 0 , x 1 , y, z and w, where b = 2 (resp. b = 4) if X ∈ G 19 (resp. X ∈ G 23 ). The curve Γ is contracted to a point by the projection P(1, 1, 2, 3, b) P(1, 1, 2, 3) to the first four coordinates, so that it is contained in (y = 0) ∪ (y + f 2 = 0) (resp. (x 0 = 0) ∪ (x 0 + f 1 = 0)). Replacing y → y − f 2 (resp. x 0 → x 0 − f 1 ) and other coordinates x 1 , y, z if necessary, we may assume that Γ = (x 0 = y = z = 0).
We first consider a member
of G 19 , where Proof. Let X = X 6,8 ⊂ P(1, 1, 2, 3, 4, 4) be the member of G 19 which is the birational counterpart of X . Defining polynomials of X are written as F 1 = s 1 y + s 0 (y + f 2 ) + g 6 and F 2 = s 1 s 0 − h 8 , where s 0 , s 1 are homogeneous coordinates of degree 4. We see that X contains the curve C := (x 0 = y = z = s 0 = 0). If all of f 2 , b 3 and c 5 are divisible by x 0 , then the restriction of ∂F 1 /∂x 0 , ∂F 1 /∂x 1 , ∂F 1 /∂z, ∂F 1 /∂s 0 and ∂F 1 /∂s 1 to C are identically zero. It follows that X is not quasismooth at the point C ∩ (∂F 1 /∂y = 0). This is a contradiction since X is quasismooth.
Let M ⊂ |I Γ (3A)| be the linear system on X generated by the sections x 3 0 , x 2 0 x 1 , x 0 x 2 1 , yx 0 , yx 1 , z, and let S be a general member of M. The base locus of M is the union of Γ and the set of points of type Proof. We work on the open subset on which w = 0. Let Φ be the weighted blowup of P (1, 1, 2, 3 , 2) at p with wt(x 0 , x 1 , y, z) = 1 2 (1, 1, 4, 3) and ϕ : T → S the birational morphism induced by Φ. LetΓ be the proper transform of Γ by ϕ. We denote by E the restriction of the exceptional divisor of Φ to T .
We claim that E = E 1 + E 2 , where E 1 is an irreducible and reduced curve, E 2 does not contain E 1 as a component, (Γ · E 1 ) = 1 andΓ is disjoint from E 2 . Let s = s(x 0 , x 1 , s, z) be the section which cuts out S. We can write s = z + x 0 q + (terms divisible by y), where q = q(x 0 , x 1 ) is a quadric. We have the isomorphisms 1, 4, 3) ,
If
Combining these with (K S · Γ) = 2 deg Γ = 1, we get (Γ 2 ) = −2 + r ≤ −3/2.
We consider a member
of G 23 , where f 1 = f 1 (x 1 ) and g 6 , h 10 ∈ C[x 0 , x 1 , y, z]. We write g 6 (0, Proof. Let X ⊂ P(1, 1, 2, 3, 5, 5) be a member of G 23 which is the birational counterpart of X . Defining polynomials of X are written as F 1 = s 1 x 0 +s 0 (x 0 +f 1 )+g 6 and F 2 = s 1 s 0 − h 10 . We see that X contains the curve C := (x 0 = y = z = s 0 = 0). Assume that f 1 = 0 and both b 3 and b 4 are divisible by y. We see that (∂F 1 /∂x 0 = 0) ∩ C consists of a singule point at which X is not quasismooth. This is a contradiction since X is quasismooth.
Let M be the linear system |I Γ (3A)| on X . The base locus of M is the union of Γ and finitely many closed points as a set. It is straightforward to see that S is nonsingular along Γ \ {p}, where p = p 4 is the cAx/4 point of X . Proof. We work on the open set on which w = 0. Let Φ be the weighted blowup of P(1, 1, 2, 3, 4) at p with wt(x 0 , x 1 , y, z) = 1 2 (5, 1, 2, 3) and ϕ : T → S the birational morphism induced by Φ. LetΓ be the proper transform of Γ by ϕ. We denote by E the restriction of the exceptional divisor of Φ to T .
We shall show that E = E 1 +E 2 , where E 1 is an irreducible and reduced curve, E 2 does not contain E 1 as a component, (Γ·E 1 ) = 1 andΓ is disjoint from E 2 . The section s which cut out S can be written as s = z +αyx 1 +(terms divisible by x 0 ), where α ∈ C. We have the following isomorphisms:
We write ϕ * Γ =Γ + rE 1 + F for some rational number r and an effective Q-divisor F whose support is contained in Supp E 2 . Note that (Γ · F ) = 0 by the above argument. We have r ≤ 1/2 since the section y on S cut out Γ and some other curve, and y vanishes along E 1 to order 2/4 = 1/2. An explicit computation shows that
and (K S · Γ) = 2 deg Γ = 1/2. Thus, we have (Γ 2 ) = −3/2 + r ≤ −1.
Proposition 4.6. Let X be a member of G 19 (resp. G 23 ) and Γ a curve of degree 1/2 (resp. 1/4) passing through the cAx/2 (resp. cAx/4) point. Then Γ is not a maximal center.
Proof. Let H ⊂ |nA| be a movable linear system on X . We can choose a general S ∈ M so that we have
where L is a movable linear system on S and γ ≥ 0. We shall prove γ ≤ 1. We may assume that γ > 0 because otherwise there is nothing to prove. We have
To shows that γ ≤ 1, it is enough to show that
By Lemmas 4.3 and 4.5, the left-hand side of the last displayed equation can be computed as
This shows that γ ≤ 1 and thus Γ is not a maximal center.
In the rest of this subsection, we consider a member X = X 8 ⊂ P (1, 1, 1, 4 , 2) of G 17 and let Γ ⊂ X be a curve of degree 1/2 passing through the cAx/2 point p = p 4 . Let S and S be general members of the pencil |I Γ (1)|. We see that X is defined by the equation
Possibly replacing homogeneous coordinates, we may assume that Γ = (x 0 = x 1 = y = 0) ⊂ X, which is equivalent to the condition that b 6 , c 8 ∈ (x 0 , x 1 ).
, then the schemetheoretic intersection S∩S consists of the union of two distinct irreducible and reduced curves Γ and ∆, both of which are smooth rational curves of degree 1/2 passing through p 4 .
Proof. The intersection S ∩ S is the scheme (x 0 = x 1 = 0) X , which is isomorphic to (wyb 2 + y 2 + yc 4 = 0) ⊂ P(1, 4, 2),
. It follows that S ∩ S is the union of Γ and ∆ = (x 0 = x 1 = wb 2 + y +c 4 = 0). We see that Γ = ∆ if and only if b 2 =c 4 = 0 as a polynomial in x 2 . The assertions follow immediately from this observation.
Proof. After replacing homogeneous coordinates, we may assume that S is cut out on X by the section x 1 . Thus,
The section x 0 cuts out on S two curves Γ and ∆ = (x 0 = x 1 = wb 2 + y + c 4 = 0). We setf 3 = f 3 (0, 0, x 2 ) andb 2 = b 2 (0, 0, x 2 ). Ifb 2 = 0, then Γ intersects ∆ at a nonsingular point and thus (Γ · ∆) ≥ 1 > deg Γ. In the following we assume thatb 2 = 0. The surface S is nonsingular outside p. The singularity of S at p is analytically equivalent to (x 2 0 + x m 1 + y 2 = 0)/Z 2 (1, 1, 0), where m = 6 or 8 depending on whetherf 3 = 0 orf 3 = 0, and it is a du Val singularity of type D m .
Let ϕ : T → S be the weighted blowup of S at p with weight wt(x 0 , x 2 , y) = 1 2 (3, 1, 4) and E its exceptional divisor. We see that K T = ϕ * K S and there is an isomorphism E ∼ = (x 2 0 + x 0f3 = 0) ⊂ P(3, 1, 4). Let q be the point (0 : 0 : 1) ∈ E ∼ = P(3, 1, 4). We have E = E 1 + E 2 , where E 1 = (x 0 = 0) and E 2 = (x 0 +f 3 = 0). Note that iff 3 = 0, then E 1 = E 2 . We see that T is smooth outside the point q. The proper transformsΓ and∆ of Γ and ∆, respectively, avoid the point q, are disjoint from E 2 and intersect E 1 transversally at one point.
We compute the intersection number (Γ · ∆). Since A| S ∼ Γ + ∆, we have 1/2 = deg Γ = (Γ 2 ) + (Γ · ∆) and 1/2 = deg ∆ = (Γ · ∆) + (∆ 2 ). In particular, (Γ 2 ) = (∆ 2 ). SinceΓ and∆ are nonsingular rational curve contained in the smooth locus of T and K T = ϕ * K S ∼ 0, we have (Γ 2 ) = (∆ 2 ) = −2. Let l 1 , l 2 , r 1 , r 2 be rational numbers such that ϕ * Γ =Γ + l 1 E 1 + l 2 E 2 and ϕ * ∆ = ∆ + r 1 E 1 + r 2 E 2 . We have
Similarly, we have (∆ 2 ) = −2+r 1 . Since (x 0 = 0) S = Γ+∆ and x 0 vanishes along E 1 with order 3/2 or 3, depending onf 3 = 0 orf 3 = 0, we have l 1 + r 1 = 3/2 or 3. Hence l 1 = r 1 = 3/4 or 3/2, depending on whetherf 3 = 0 orf 3 = 0. Thus (Γ 2 ) = −2 + l 1 = −5/4 or −1/2. It follows that (Γ · ∆) = 1/2 − (Γ 2 ) = 7/4 or 1 and we obtain (Γ · ∆) ≥ deg Γ = 1/2.
Proposition 4.9. Let X be a member of G 17 and Γ a curve of degree 1/2 passing through the point p 4 . Then Γ is not a maximal center.
Proof. We consider the case where either b 2 / ∈ (x 0 , x 1 ) or c 4 / ∈ (x 0 , x 1 ). In this case, in view of Lemmas 4.7 and 4.8, we can apply Lemma 2.9 for the divisor S ∼ Q A and the movable linear system M = |I Γ (1)|.
We consider the case where b 2 , c 4 ∈ (x 0 , x 1 ). We assume to the contrary that Γ is a maximal center. Then there is a movable linear system H ⊂ |nA| which has a maximal singularity along Γ. Let γ be the multiplicity of H along Γ. Then, since mult Γ (H| S ) = m mult Γ H = mγ for some m ≥ 2, we have
where L is a movable linear system on S. On the other hand, we have A| S ∼ Q S | S = 2Γ. It follows that L ∼ Q n(2−mγ)Γ. Since L is nef, we have γ ≤ 2/m ≤ 1, which is a contradiction. This completes the proof.
Combining Propositions 4.1, 4.6 and 4.9, we get the following.
Theorem 4.10. Let X be a member of G i with i ∈ I F,cAx/2 ∪ I F,cAx/4 . Then no curve on X is a maximal center.
Excluding nonsingular points
In this section we exclude nonsingular points of X as maximal center. For a member X ⊂ P(a 0 , . . . , a 4 ) of G i and m = 0, . . . , 4, we denote by π m the restriction of the projection from the point p m to X and by Exc(π m ) ⊂ X the locus contracted by π m . Proposition 5.2. Let X be a member of G i with i ∈ I F,cAx/2 ∪ I F,cAx/4 \ {30}. Then no nonsingular point of X is a maximal center.
Proof. We shall show that mA isolates a nonsingular point of X for some m ≤ 4/(A 3 ), which will completes the proof by Lemma 2.14. Let X be a member of G i with defining polynomial F , where i ∈ {17, 29, 41, 49, 55, 69, 74, 77, 82}.
Then we have x 2 3 ∈ F . It follows that Exc(π 3 ) = ∅. Explicit calculation in each instance shows that
. Now let p = (ξ 0 : · · · : ξ 4 ) be a nonsingular point of X . Then ξ j = 0 for some j = 3. It follows from Proposition 5.1 that m 1 A isolates p and m 1 ≤ 4/(A 3 ). Let X be a member of G 42 . Then we have x 3 2 ∈ F . It follows that Exc(π 2 ) = ∅ and we have m 2 := max
Thus m 2 A isolates nonsingular points and m 2 ≤ 4/(A 3 ). It remains to consider a member X of G i with i ∈ {19, 23, 50}. Let X be a member of G 19 . After replacing w → w + αy for some α ∈ C if necessary, we may assume that y 4 ∈ F . Then Exc(π 2 ) = ∅ and we compute
.
Thus 6A isolates any nonsingular point and 6 ≤ 4/(A 3 ). Let X be a member of G 50 . After replacing w if necessary, we may assume that y 7 ∈ F . Then we have Exc(π 1 ) = ∅ and we compute
Thus 20A isolates any nonsingular point and 20 ≤ 4/(A 3 ). Let X = X 10 ⊂ P(1, 1, 2, 3, 4) be a member of G 23 and p = (ξ 0 : ξ 1 : υ : ζ : ω) a nonsingular point of X . If ξ 0 = 0 or ξ 1 = 0 then 4A isolates p by Proposition 5.1. We assume that ξ 0 = ξ 1 = 0. In this case, we have υ = 0 and ζ = 0 because otherwise p would be a singular point. Then the set
isolates p. Hence 6A isolates p (see [7, Lemma 5.6 .4]) and we have 6 < 48/5 = 4/(A 3 ). This completes the proof.
Proposition 5.3. Let X be a member of G 30 . Then, no nonsingular point of X is a maximal center.
Proof. The defining polynomial of X = X 10 ⊂ P(1, 1, 3, 4, 2) can be written as w 2 y(y + f 3 ) + wg 8 + h 10 , where f 3 = f 3 (x 0 , x 1 ) and g 8 , h 10 ∈ C[x 0 , x 1 , y, z]. If p ∈ (x 0 = 0) ∪ (x 1 = 0) (resp. p ∈ (w = 0)), then 4A (resp. 6A) isolates p. By the inequality 4 < 6 < 4/(A 3 ) = 48/5, p is not a maximal center. Let p be a nonsingular point of X contained in (x 0 = x 1 = w = 0). If y 2 z ∈ h 10 , then (x 0 = x 1 = w = 0) X consists of singular points of X and there is nothing to prove. We assume that y 2 z / ∈ h 10 . In this case, X contains the curve Γ = (x 0 = x 1 = w = 0). Let S be a general member of the pencil |I Γ (1)|. The base locus of the linear system is (x 0 = x 1 = 0) X = Γ ∪ ∆, where ∆ = (x 0 = x 1 = wy + z 2 = 0) is a curve. We claim that S is nonsingular along Bs |I Γ (1)| \ {p 2 , p 3 , p 4 }. Indeed, the defining polynomial of X can be written as w 2 y 2 + w(z 2 + yza 1 ) + y 3 b 1 + c 10 , where a 1 , b 1 ∈ C[x 0 , x 1 ] is of degree 1 and c 10 = c 10 (x 0 , x 1 , y, z, w) ∈ (x 0 , x 1 ) 2 . The surface S is cut out on X by α 0 x 0 +α 1 x 1 , where α 0 , α 1 ∈ C. The restriction of Jacobian matrix J C S of the affine cone C S of S to (x 0 = x 1 = 0) can be computed as
The intersection of the zero loci of 2w 2 y, 2wz and 2wy 2 + z 2 is the set {p 2 , p 4 }. It follows that S ia quasismooth along (x 0 = x 1 = 0) \ {p 2 , p 4 }. Since α 0 , α 1 are general, we see that S is quasismooth at both p 2 and p 4 . Moreover, the singularity of S at p 2 and p 3 are of type respectively Now we assume that p is a maximal center of a movable linear system H ⊂ |nA|. We can write
where L is a movable linear system on S and γ, δ ≥ 0. We shall show that γ ≤ 1. Assume to the contrary that γ > 1. By the linear equivalences A| S ∼ Γ + ∆ and A| S ∼ (1/n)L+γΓ+δ∆, we have (1−γ)A| S ∼ L+(δ−γ)∆. By taking intersection with ∆, we have (1 − γ)(A| S · ∆) ≥ (δ − γ)(∆ 2 ) and thus
This is a contradiction since γ, δ > 1 and L is nef. Hence we have γ ≤ 1. Since p / ∈ ∆ and γ ≤ 1, we have (1/n 2 )(L 2 ) > 4(1 − γ) by (1) of Theorem 2.12. On the other hand, we have
where the last inequality follows from 0 ≤ γ ≤ 1. This is a contradiction and p is not a maximal center.
Theorem 5.4. Let X be a member of G i with i ∈ I F,cAx/2 ∪ I F,cAx/4 . Then no nonsingular point of X is a maximal center.
Proof. This follows from Propositions 5.2 and 5.3.
Excluding terminal quotient singular points
Throughout this section, let p be a terminal quotient singular point of a member X of G i , which is not a center of a birational involution constructed in Section 3.2. The aim of this section is to exclude such a point p as maximal center. We denote by ϕ : Y → X the Kawamata blowup at p with exceptional divisor E and put B = −K Y as before. Let S ∈ |B| be a general member which is the proper transform of a general member of |A|.
6.1. The case (B 3 ) ≤ 0. In this subsection we treat terminal quotient singular points with (B 3 ) ≤ 0 and exclude them as maximal center. We introduce the following assumption.
Assumption 6.1.
(1) If X is a member of G 23 and p is the point of type (1, 1, 2) ), then there is no WCI curve of type (1, 3, 4) on X through p (resp. z 3 t appears in the defining polynomial of X with non-zero coefficient).
Proposition 6.2. Let X be a member of G i and p a terminal quotient singular point of X with (B 3 ) ≤ 0 satisfying Assumption 6.1. Then there exists a surface T ∈ |B| on Y with the following properties.
(1) The scheme theoretic intersection Γ := S ∩T is an irreducible and reduced curve on Y .
In particular p is not a maximal center. Proof. Let P(a 0 , . . . , a 3 , b), a 0 ≤ · · · ≤ a 3 , be the ambient weighted projective space of X with homogeneous coordinates x 0 , . . . , x 3 , w and F the defining polynomial of X . We see that both x 0 and x 1 vanish at p and lift to plurianticanonical sections on Y . We set T := (x 1 = 0). Then Γ = S ∩ T is the proper transform of (x 0 = x 1 = 0) X which is isomorphic to a weighted complete intersection defined by the equation G := F (0, 0, x 2 , x 3 , w) = 0 in P (a 2 , a 3 , b) . We see that the polynomial G is of the form listed in Table 1 for some complex numbers α, β, γ, δ.
The condition α = 0 follows from Assumption 6.1 (see Examples 6.3 and 6.5 below). This implies that Γ is irreducible and reduced. Finally, since S ∈ |B| and T ∈ |a 1 B|, we have
By Lemma 2.17, p is not a maximal center.
In the following examples, let F be the defining polynomial of X and S, T be the proper transforms on Y of the divisors (x 0 = 0) X , (x 1 = 0) X , respectively. We explain that the polynomial G := F (0, 0, x 2 , x 3 , w) is of the form given in Table 1 . 1, 2, 3, 4) be a member of G 23 with F = w 2 x 0 (x 0 + f 1 ) + wg 6 + h 10 and p a point of type 1, 1, 1) . Hence we may assume that the coefficient of y 3 in g 6 is one. After replacing y, we may assume that p = p 2 . It follows that y 5 / ∈ h 10 . Then we have G = w(z 2 + y 3 ) + αz 2 y 2 for some α ∈ C. We have α = 0 by Assumption 6.1. 1, 1, 1) . Hence we may assume that the coefficient of y 3 in h 12 is one. Then we have G = w 2 y 2 + wz 2 + y 3 .
Example 6.5. Let X = X 14 ⊂ P(1, 2, 3, 5, 4) be a member of G 50 with F = w 2 z(z + f 3 ) + wg 10 + h 14 and p = p 2 the point of type 1 3 (1, 1, 2). Note that T ∈ |2B| is the proper transform of (y = 0) X . We have G = w 2 z 2 + wt 2 + αtz 3 for some α ∈ C. We have α = 0 by Assumption 6.1.
The remaining singular points with (B 3 ) < 0 will be excluded by constructing a suitable nef divisor on the Kawamata blowup of X at the point. Then, the divisor M = −K W + cE is nef.
. Let m be a sufficiently large and divisible positive integer. The complete linear system |mM | contains a suitable positive multiple ofD i + l i E i for some l i ≥ 0. It follows from the assumption (1) that the base locus of |mM | does not contain a curve which intersects E but is not contained in E. Let C be an irreducible and reduced curve on W . If C is disjoint from E, then (M ·C) = (A·ϕ * C) > 0 since A is ample. If C intersects E but is not contained in E, then (M · C) ≥ 0 since C is not contained in the base locus of |mM |. Assume that C is contained in E. Note that we have (E · C) < 0 since −E is ϕ-ample.
by the assumption (3). This shows that M is nef.
Let X be a member of G i and p ∈ X a point. We say that a set of homogeneous polynomials {g 1 , . . . , g m } isolates p if the intersection of divisors (g 1 = 0) X , . . . , (g m = 0) X does not contain a curve passing through p.
Proposition 6.7. Let X be a member of G i for i = 50, 74, 82 and p a terminal quotient singular point of type Proof. Let X = X 14 ⊂ P(1, 2, 3, 5, 4) be a member of G 50 with the defining polynomial w 2 z(z + f 3 ) + wg 10 + h 14 . We may assume that y 5 ∈ g 10 because otherwise X does not contain a singular point of type 1, 1, 1) . After replacing w, we may assume that p = p 1 or equivalently y 7 / ∈ h 14 . Then either {x, z, w} isolates p or X contains the WCI curve (x = z = w = 0) of type (1, 3, 4) . The latter cannot happen by Assumption 6.1. It follows that {x, z, w} isolates p. We see that x, z, w vanish along E to order respectively 1/2, 1/2, 2/2, so that they lift to sections of B, 3B + E, 4B + E, respectively. It follows from Lemma 6.6 that M = 3B + E is a nef divisor on Y and we compute
Let X = X 18 ⊂ P(1, 2, 3, 9, 4) be a member of G 74 with defining polynomial w 3 z 2 + w 2 zf 7 + wg 14 + h 18 . We may assume that y 7 ∈ g 14 and that p = p 1 . We see that (x = z = w = 0) X = {p} since t 2 ∈ h 14 by quasismoothness of X at p 3 . This shows that {x, z, w} isolates p and the birational transform of (x = 0) X , (z = 0) X and (w = 0) X on Y are divisors B, 3B + E and 4B + E, respectively. It follows from Lemma 6.6 that 3B + E is a nef divisor and we compute
Finally, let X = X 22 ⊂ P(1, 2, 5, 11, 4) be a member of G 82 with defining polynomial w 3 z 2 + w 2 zf 9 + wg 18 + h 22 . We may assume that y 9 ∈ g 18 and may assume that p = p 1 after replacing w. We see that {x, z, w} isolates p since t 2 ∈ h 22 by quasismoothness of X at p 3 . We also see that the birational transform of (x = 0) X , (z = 0) X and (w = 0) X on Y are divisors B, 5B + 2E and 4B + E, respectively. It follows from Lemma 6.6 that M := 5B + 2E is a nef divisor and we compute
The last statement follows from Corollary 2.16.
In the rest of this subsection we exclude terminal quotient singular points with (B 3 ) ≤ 0 which do not satisfy Assumption 6.1.
Let X = X 10 ⊂ P (1, 1, 2, 3, 4) be a member of G 23 and p the point of type 1, 1, 1) . We treat the case where X contains a WCI curve of type (1, 1, 4) passing through p. The defining polynomial of X is of the form w 2 x 0 (x 0 + f 1 ) + wg 6 + h 10 , where f 1 , g 6 , h 10 ∈ C[x 0 , x 1 , y, z]. By replacing y and w suitably, we may assume that p = p 2 , g 6 = y 3 + y 2 a 2 + ya 4 + a 6 and h 10 = y 2 b 6 + yb 8 + b 10 , where
. We see that X contains a WCI curve of type (1, 1, 4) passing through p if and only if z 2 / ∈ b 6 . In this case the (1, 1, 4) curve is (x 0 = x 1 = w = 0) and we denote by Γ its proper transform on Y . We see that at least one of the coefficients of z 3 x 0 and z 3 x 1 in b 10 is non-zero because otherwise X has a singular point at (0 : 0 : −1 : 1 : 0) and this is a contradiction. 1, 1, 1) . Assume that X contains a WCI curve of type (1, 1, 4) passing through p. Then p is not a maximal center.
Proof. We keep notation on defining polynomial of X as in the preceding argument. For general λ, µ ∈ C, let S λ ∼ Q B and T µ ∼ Q 4B be the birational transform on Y of the divisors (x 1 − λx 0 = 0) X and (w − µx 4 0 = 0) X , respectively. We see that S λ ∩ T µ is the proper transform of the curve on X defined by equations x 1 − λx 0 = w − µx 4 0 = x 0 G λ,µ = 0, where
Since at least one of z 3 x 0 and z 3 x 1 appears in h 10 , G λ,µ is not divisible by x 0 . It follows that S λ ∩ T µ = Γ + C λ,µ , where C λ,µ is the proper transform on Y of the curve (x 1 − λx 0 = w − µx 4 0 = G λ,µ = 0). We see that C λ,µ does not contain Γ as a component and C λ,µ ∩ E = ∅. We shall show that there is a component C • λ,µ of C λ,µ such that (B · C • λ,µ ) ≤ 0 and (E · C • λ,µ ) > 0. Since Γ intersects E transversally at a nonsingular point of Y at which both Γ and E are nonsingular, we have (E · Γ) = 1. It follows that
This, together with
shows that (B · C λ,µ ) = 0. We write C λ,µ = C λ,µ + C λ,µ where each component of C λ,µ (resp. C λ,µ ) intersects E (resp. is disjoint from E). Note that
Therefore there is at least one component, say C • λ,µ , of C λ,µ such that (B ·C • λ,µ ) ≤ 0. By our choice, we have (C • λ,µ · E) > 0. It follows that there infinitely many curves on Y which intersect B = −K Y non-positively and E positively. By Lemma 2.19, p is not a maximal center.
We exclude singular points of type 1, 1, 2 ) on a special member X = X 10 ⊂ P (1, 2, 3, 5, 4) of the family G 50 as maximal center.
Proposition 6.9. Let X be a member of the family G 50 and p a point of type 1, 1, 1) . Assume that there is a WCI curve of type (1, 3, 4) passing through p. Then p is not a maximal center.
Proof. The defining polynomial of X is of the form w 2 z(z + f 3 ) + wg 10 + h 14 , where f 3 = f 3 (x, y) and g 10 , h 14 ∈ C[x, y, z, t]. We see that y 5 ∈ g 10 because otherwise X does not contain a singular point of type 1, 1, 1) . After replacing w, we may assume that p = p 1 . X contains a WCI curve of type (1, 3, 4) passing through p if and only if y 2 t 2 / ∈ h 14 . In this case the WCI curve is (x = z = w = 0). Let T be the proper transform of a general member of the linear system on X generated by z, yx, x 3 . We have S| T = Γ + C, where Γ and C are the proper transforms of curves (x = z = w = 0) and (x = z = y 5 + t 2 = 0), respectively. We have S ∈ |B| and T ∈ |3B + E|. Note that C is disjoint from the exceptional divisor of ϕ . We compute
Since Γ and C have a intersection point at which T is smooth, we have m := (Γ · C) ≥ 1. It follows that the matrix
is negative-definite. Thus p is not a maximal center by Lemma 2.18.
Proposition 6.10. Let X be a member of the family G 50 and p the point of type 1, 2) . Assume that z 3 t does not appear in the defining polynomial of X . Then p is not a maximal center.
Proof. We see that p = p 2 and the defining polynomial of X is of the form w 2 z(z+ f 3 )+wg 10 +h 14 , where f 3 , g 10 , h 14 ∈ C[x, y, z, t]. After replacing z, we may assume that h 14 = z 4 y + z 3 b 5 + z 2 b 8 + zb 11 + b 14 , where b i ∈ C[x, y, t]. Let T ∈ |2B| be the proper transform of a general member of |2A| on Y . The surface T is normal and S| T = Γ + C, where Γ and C are the proper transforms of curves (x = y = w = 0) and (x = y = wz 2 + t 2 = 0), respectively. We see that x, y, t, w vanish along E to oder respectively 1/3, 2/3, 2/3, 1/3 and ϕ can be identified with the embedded weighted blowup of X ⊂ P := P(1, 2, 3, 5, 4) at p with wt(x, y, t, w) = 
is negative-definite. Therefore p is not a maximal center by Lemma 2.18
Theorem 6.11. Let X be a member of G i with i ∈ I F,cAx/2 ∪ I F,cAx/4 . Then no terminal quotient singular point p with (B 3 ) ≤ 0 is a maximal center.
Proof. This follows from Propositions 6.2, 6.7, 6.8, 6.9 and 6.10.
6.2. The Case (B 3 ) > 0. We treat the case where (B 3 ) > 0. There are only three instances: X is a member of one of the families G 30 , G 55 and G 69 , and p = p 2 . Note that, in the case where X ∈ G 30 , there is a birational involution centered at p = p 2 if y 2 z appears in the defining polynomial with non-zero coefficient (see Section 3.2), so we treat the case where y 2 z does not appear in the defining polynomial. For a curve C on X , we denote byC the proper transform of C by the Kawamata blowup ϕ : Y → X .
Proposition 6.12. Let X be a member of G 55 and p = p 2 the singular point of type 1, 3) . Then, p is not a maximal center. Proof. The defining polynomial of X = X 14 ⊂ P (1, 1, 4, 7, 2) is of the form w 3 y 2 + w 2 yf 6 + wg 12 + h 14 , where f 6 , g 12 , h 14 ∈ C[x 0 , x 1 , y, z]. By quasismoothness of X at p, we may assume that the coefficients of y 3 in g 12 and z 2 in h 14 are both 1 after re-scaling y and z. After replacing w, we may assume that there is no monomial divisible by y 3 in h 14 . Thus, after replacing z, we may assume that h 14 = y 2 a 6 + ya 10 + z 2 + a 16 for some
For a complex number λ, we set C λ := (w = x 1 − λx 0 = 0) X , which is isomorphic to the weighted hypersurface in P (1, 4, 7) defined by the eauation
We claim that C λ is reduced for a general λ ∈ C. If C λ is non-reduced for a general λ, then a 6 = a 10 = a 14 = 0 as polynomials. But then X is not quasismooth along the curve (w = z = g 12 = 0) and this a contradiction. It follows that, for a general λ ∈ C, either C λ is irreducible and reduced or C λ splits into the sum of two irreducible and reduced curves C λ = C 1 λ +C 2 λ such that the proper transforms C 1 λ andC 2 λ of C 1 λ and C 2 λ , respectively, on Y are numerically equivalent. Indeed, if C λ is reducible, then C λ = C 1 λ + C 2 λ , where
Since they have the same degree and (E ·C i λ ) = 1 for i = 1, 2, their proper transforms on Y are numerically equivalent.
LetC λ be the proper transform of C λ on Y . We compute
and (E ·C λ ) > 0 since C λ passes through p. In the case where C λ is reducible, we have (B ·C i λ ) = 0 and (E ·C i λ ) > 0 sinceC 1 λ andC 2 λ are numerically equivalent. Thus, there are infinitely many irreducible and reduced curve which intersect B non-positively and E positively. By Lemma 2.19, p is not a maximal center. Proposition 6.13. Let X be a member of the familiy G 69 and p = p 2 the singular point of type 1, 2, 3) . Then p is not a maximal center. Proof. Let X = X 16 ⊂ P (1, 1, 5, 8, 2) 
For a complex number λ, we set C λ = (x 1 = w − λx 2 0 = 0) X which is isomorphic to the weighted hypersurface in P (1, 5, 8) defined by the equation
We shall show that the proper transform on Y of every irreducible and reduced component of C λ intersects B = −K Y trivially and E positively. Assume that C λ is irreducible. Then,
and clearly (E ·C λ ) > 0 since C λ passes through p. Assume that C λ is either reducible or non-reduced. Then any irreducible and reduced component C λ of C λ is defined by x 1 = w − λx 2 0 = z + a 8 = 0 for some a 8 ∈ C[x 1 , y]. We have deg C λ = 1/5 and (E ·C λ ) = 1. Hence (B ·C λ ) = deg C λ − 1/5(E ·C λ ) = 0. By Lemma 2.19, p is not a maximal center. Proposition 6.14. Let X be a member of the family G 30 and p the singular point of type 1 3 (1, 1, 2) . Assume that y 2 z does not appear in the defining polynomial of X with non-zero coefficient. Then p is not a maximal center.
Proof. Let X = X 10 ⊂ P (1, 1, 3, 4, 2) be a member of G 30 and p the singular point of type 1, 1, 2) . The defining polynomial of X is of the form w 2 y(y + f 3 ) + wg 8 + h 10 , where f 3 ∈ C[x 0 , x 1 , z] and g 8 , h 10 ∈ C[x 0 , x 1 , y, z]. By the assumption, we have y 2 z / ∈ h 10 . By quasismoothness of X at p, at least one of y 3 x 0 and y 3 x 1 appears in h 10 with non-zero coefficient. After replacing x 0 and x 1 , we may assume that h 10 = y 3 x 0 + y 2 b 4 + yb 7 + b 10 , where
For a complex number λ, we consider the curve (x 0 = w − λx 2 1 = 0) X , which is isomorphic to the weighted hypersurface in P (1, 3, 4) defined by the equation x 2 1 G λ = 0, where
Since z 2 ∈ g 8 by quasismoothness of X at p 3 , G λ is not divisible by x 1 for a general choice of λ. We define
Let λ be a general complex number so that the coefficient of z 2 in G λ is non-zero. Assume that C λ is irreducible and reduced. Then deg C λ = 2/3 and (E ·C λ ) = 2, whereC λ is the proper transform of C λ on Y . Hence (B ·C λ ) = deg C λ − 1/3(E ·C λ ) = 0. Assume that C λ is either reduced or non-reduced. Then any irreducible and reduced component C λ of C λ is defined by the equation
Therefore, there are infinitely many irreducible and reduced curves on Y which intersect B = −K Y non-positively and E positively. By Lemma 2.19, p is not a maximal center.
Theorem 6.15. Let X be a member of one of the families G 30 , G 55 and G 69 . We assume that the monomial y 2 z does not appear in the defining polynomial of X ∈ G 30 . Then the singular point p 2 is not a maximal center.
Proof. This follows from Propositions 6.14, 6.12 and 6.13.
Invisible birational involutions for special members
The aim of this section is to construct a birational involution of special members of G 19 and G 19 . 7.1. Construction of invisible involutions in a general setting. In this subsection we explain a construction of suitable birational involutions in a general setting following the argument of [3] . The construction is quite complicated and is less explicit compared to the Q.I. and E.I. cases.
Let P := P (1, 1, a, b 1 , . . . , b n ) be a weighted projective space with homogeneous coordinates x 0 , x 1 , y, z 1 , . . . , z n of degree respectively 1, 1, a, b 1 , . . . , b n , and X an anticanonically embedded Q-Fano 3-fold weighted complete intersection in P. Let p ∈ X be a point contained in (x 0 = x 1 = y = 0). We set Γ := (x 0 = x 1 = y = 0) X and let H ⊂ |−aK X | be the linear system on X generated by x a 0 , x a−1 0 x 1 , . . . , x a 1 and y. For complex numbers λ, µ, we define S λ := (x 1 − λx 0 = 0) X and T µ := (y − µx a 0 = 0) X . We assume that Γ is an irreducible and reduced curve and that S λ is normal for a general λ ∈ C. We define C λ,µ to be the component of S λ ∩ T µ other than Γ so that T µ | S λ = γΓ + C λ,µ for some γ > 0. Let π : X P(1, 1, a) be the projection to the coordinates x 0 , x 1 , y and π λ = π| S λ : S λ P(1, a) ∼ = P 1 its restriction to S λ . The restriction H| S λ has a base component Γ and let L λ be the movable part of H| S λ . We see that L λ is a pencil of curves C λ,µ and it defines π λ . We shall construct a birational involution of X which is a Sarkisov link centered at p under the following condition.
Condition 7.1.
(1) Γ is an irreducible and reduced curve and S λ is normal for a general λ ∈ C.
(2) For a general λ ∈ C, C λ,µ is irreducible and reduced for every µ ∈ C. (3) For a general λ ∈ C, the indeterminacy locus of π λ consists of two distinct points p and q which do not depend on λ. which we denote byπ λ :Ŝ λ → P 1 , and the intersectionsÊ λ :=Ŝ λ ∩Ê andF λ :=Ŝ λ ∩ F are both irreducible. (5) For a general λ ∈ C, the support of the divisor (x 0 = 0) S λ ⊂ S λ consists of curves whose intersection form is nondegenerate.
Theorem 7.2. Suppose that Condition 7.1 is satisfied and that p is a maximal center. Then there is a birational involution τ : X X which is a Sarkisov link centered at p.
Proof. We shall first construct a birational involution τ and then show that τ is indeed a Sarkisov link. We see thatΓ is the unique irreducible curve on W which intersects −K W positively since Bs H W =Γ and H W ∼ Q −aK W by (4-e) of Condition 7.1. By (4-e), we can pick a sufficiently small ε > 0 such that the pair (W, (
there is a log flip χ : W U alongΓ. Let H U be the proper transform of H W on U . An irreducible curve which intersects K U + ( 1 2 + ε)H U ∼ Q εH U negatively must be contained in Bs H U and Bs H U is contained in the flipped curve which intersects −K U positively . Thus K U + ( 1 a + ε)H U ∼ Q −aεK U is nef. By the log abundance (cf. [13] ), −K U is semiample. Let η : U → Σ be the morphism defined by |−lK U | for a sufficiently divisible l > 0. The curveĈ λ,µ is disjoint fromΓ since (−K W ·Ĉ λ,µ ) = 0 by (4-b), Bs H W =Γ and H W ∼ Q −aK W . Thus (−K U ·Č λ,µ ) = 0, whereČ λ,µ is the proper transform ofĈ λ,µ on U , and η contractsČ λ,µ . It follows that η is an elliptic fibration and we have a birational
LetĚ andF be the proper transforms of E and F , respectively, on U . Sincě C λ,µ is a fiber of η andĈ λ,µ is disjoint from the flipping curveΓ, assumptions that (Ê ·Ĉ λ,µ ) = m and (F ·Ĉ λ,µ ) = 1 imply thatĚ is an m-ple section of η anď F is a section of η.
Let τ U be the birational involution of U which is the reflection of the general fiber of η with respect toF . Let τ W , τ Y and τ be the birational involutions of W , Y and X, respectively, induced by τ U . We see that τ U is small since K U is η-nef and then τ W is small since χ is a log flip. Since F is the unique ψ-exceptional divisor which intersectsĈ λ,µ , the proper transforms on U of the other ψ-exceptional divisors lie on the fibers of η and thus they are τ U -invariant. It follows that τ Y is small. Now that we have constructed the birational involution τ of X. We shall show that τ is not biregular. In the following we assume that τ is biregular and derive a contradiction.
We fix a general λ ∈ C such that C λ,µ is irreducible and reduced for every µ ∈ C and consider the surface S λ = (y − λx = 0) X which is clearly τ -invariant. Hence τ induces a biregular involution τ λ of S λ . LetS λ →Ŝ λ be a composite of blowups so that the birational involutionτ λ ofS λ induced by τ λ is biregular. We defineπ λ :S λ → P 1 (resp. σ :S λ → S λ ) to be the composite ofS λ →Ŝ λ and π λ (resp.Ŝ λ → S λ ). By (3-f) of Condition 7.1,τ λ is indeed everywhere defined and there exist exactly two σ-exceptional prime divisors which are not contracted byπ λ . We denote them byĒ λ andF λ . Note thatĒ λ andF λ are the proper transform ofÊ λ andF λ , respectively. We denote by G 1 , . . . , G r the other σ-exceptional prime divisors.
Let C λ be a general fiber of π λ andC λ its proper transform onS λ , which is clearlyτ λ -invariant. We see thatτ λ |C λ is the reflection with respect to the pointF λ ∩C λ and thatĒ λ isτ λ -invariant since τ λ is biregular. It follows that (Ē λ − mF λ )|C λ ∈ Pic 0 (C λ ) is a 2-torsion. In particular,Ē λ − mF λ is numerically equivalent to a linear combination ofπ λ -vertical divisors.
Let Γ, ∆ 1 , . . . , ∆ k be the irreducible and reduced component of the support of (x 0 = 0) S λ . We see that C λ,µ 's and (x 0 = 0) S λ exhaust the fibers of π λ . Since C λ,µ is irreducible and reduced for every µ ∈ C and all the fibers ofπ λ are numerically equivalent to each other, there are rational numbers γ, δ 1 , . . . , δ k , c 1 , . . . , c r such
whereΓ and∆ i are the proper transforms of Γ and ∆ i , respectively. We have (γ, δ 1 , . . . , δ k ) = (0, 0, . . . , 0) since the curvesĒ λ ,F λ , G 1 , . . . , G r are σ-exceptional and their intersection form is negative-definite. This implies that the intersection form of Γ, ∆ 1 , . . . , ∆ k is degenerate since γΓ + δ 1 ∆ 1 + · · · δ k ∆ k ∼ Q 0 and (γ, δ 1 , . . . , δ k ) = (0, 0, . . . , 0). This contradicts (5) of Condition 7.1 and thus the birational involution τ of X is not biregular. Therefore τ is a Sarkisov link starting with the extremal divisorial extraction ϕ by Lemma 2.21.
7.2. The family G 19 . Let X = X 8 ⊂ P (1, 1, 2, 3, 2) be a member of G 19 and p a point of type 1 2 (1, 1, 1). If there is no WCI curve of type (1, 1, 2) passing through p, then it is proved in Theorem 3.4 that there is an elliptic involution centered at p. In this subsection we assume that there is a WCI curve on X of type (1, 1, 2) passing through p and we shall construct a birational involution τ of X which untwists the maximal center p. Lemma 7.3. We can choose homogeneous coordinates x 0 , x 1 , y, z and w with the following properties.
(1) p = p 2 .
(2) Defining polynomial of X can be written as
Proof. By replacing w suitably, we may assume that p = p 2 . By quasismoothness of X at p, y 3 ∈ g 6 and thus we may assume that the coefficient of y 3 in g 6 is 1. If h 8 = y 3 h 2 + (other terms) for some h 2 ∈ C[x 0 , x 1 ], then we may assume that h 2 = 0 by replacing w with w − h 2 . Thus can write
. We see that X contains a WCI curve of type (1, 1, 2) passing through p if and only α = 0. Finally, we have b 1 = 0 because otherwise X has a singular point at (0 : 0 : −1 : 1 : 0). Thus we may assume that b 1 = x 0 after replacing x 0 and x 1 . This completes the proof.
In the following, we fix homogeneous coordinates of P(1, 1, 2, 3, 2) as in the above lemma. Let ϕ : Y → X be the Kawamata blowup at p with exceptional divisor E. Let q ∈ Y be the singular point of type we define S λ = (x 1 − λx 0 = 0) X and T µ = (w − µx 2 0 = 0) X . We see that S λ is normal for a general λ ∈ C. We setF = F (x 0 , λx 1 , y, z, µx 4 0 ) ∈ C[x 0 , y, z]. Since F is contained in the ideal (x 0 , x 1 , w) and y 2 zx 0 ∈ F ,F is divisible by x 0 but not by x 2 0 . We have T µ | S λ = Γ + C λ,µ , where Γ = (x 0 = x 1 = w = 0) and C λ,µ = (x 1 − λx 0 = w − µx 2 0 =F /x 0 = 0). For a curve or a divisor ∆ on X , we denote by∆ the proper transform of ∆ on Y , and for a curve or a divisor ∆ on X , Y or Z, we denote by∆ the proper transform of ∆ on W .
Lemma 7.4. We have
MoreoverF is disjoint fromĈ λ,µ .
Proof. We have (E ·Γ) = 1 and (−K X · Γ) = 1/6, which implies
This implies (−K Y ·C λ,µ ) = 2/3. We have
It is easy to see that bothΓ andĈ λ,µ are disjoint fromF , and (G·Γ) = (G·Ĉ λ,µ ) = 1. Thus we get
The computation (−K W ·Ĉ λ,µ ) = 0 can be done similarly.
Proposition 7.5. If there are infinitely many pairs (λ, µ) of complex numbers such that C λ,µ is reducible, then p is not a maximal center.
Proof. Let (λ, µ) be a pair such that C := C λ,µ is reducible. The curve C is defined by three equations x 1 − λx 0 = w − µx 2 0 = 0 and αz 2 x 0 + (y 2 + βyx 
and (E ·∆ 1 ) > 0 since ∆ 1 passes through p. This shows that there are infinitely many curves on Y which intersects −K Y non-positively and E positively. By Lemma 2.18, p is not a maximal center.
This implies that if we assume that p is a maximal singularity, then (2) of Condition 7.1 is satisfied.
Let π : X P(1, 1, 2) be the projection to the coordinates x 0 , x 1 , w which is defined outside Γ. Let H ⊂ | − 2K X | be the linear system on X generated by x 2 0 , x 0 x 1 , x 2 1 and w, and let H W , H Y be the proper transform of H on Y , W , respectively. Note that
Note also that the base loci of H, H Y and H W are Γ,Γ andΓ, respectively. Let π λ : S λ P(1, 2) ∼ = P 1 be the restriction of π to S λ andπ λ :Ŝ λ P 1 be the composite of (ϕ • ψ)|Ŝ λ :Ŝ λ → S λ and π λ . We setÊ λ =Ê ∩Ŝ λ andĜ λ = G ∩Ŝ λ . We can write H| S λ = L λ + Γ, where L λ is the movable part which defines π λ . Note that C λ,µ 's for µ ∈ C and 2(x 0 = 0)| S λ − Γ = Γ + 2∆ are the members of L λ , where ∆ = (x 0 = x 1 = wy 2 + y 3 + z 2 = 0) ⊂ S λ . Lemma 7.6. Let λ be a general complex number. Then the following assertions hold.
(1) The indeterminacy locus of π λ consists of two points p and p 3 , andπ λ is a morphism.
This shows that the indeterminacy locus of π λ consists of p and p 3 . LetL λ be the proper transform of L λ onŜ λ , which definesπ λ . We shall show thatL λ is base point free and that botĥ E λ andĜ λ are irreducible. We see that ϕ : Y → X can be identified with the embedded weighted blowup of X at p with wt(x 0 , x 1 , z, w) = 1 2 (1, 1, 1, 2) and we haveÊ ∼ = E ∼ = (w + zx 0 = 0) ⊂ P (1, 1, 1, 2) , where x 0 , x 1 , z, w are the homogeneous coordinates of P(1, 1, 1, 2). It follows that
which is isomorphic to P 1 . Recall that C λ,µ is defined by equations x 1 − λx 0 = w − µx 2 0 = 0 and αz 2 x 0 + (y 2 + βyx We see that the proper transform of C λ,µ intersects F at (0 : 0 : 1 : 0). We introduce the orbifold chart of Z. Let X z be the open subset (z = 0), which is isomorphic to the hyperquotient
LetÃ 4 be the affine 4-space with affine coordinatesx 0 ,x 1 , y andw, and let A 4 → A 4 be the morphism determined by
We see that the morphism factors through V :=Ã 4 /Z 3 (0, 0, 1, 0) and V is isomorphic to the affine 4-space with affine coordinatesx 0 ,x 1 ,ỹ = y 3 andw. Let Z y be the subscheme of V defined by the equatioñ
Note thatF ∈ C[x 0 ,x 1 ,ỹ,w] under the identificationỹ = y 3 and it is of the form F =w +x 0 +ỹh for some h ∈ C[x 0 ,x 1 ,ỹ,w] whose constant term is zero. Note also that Z y is isomorphic to an open subset of Z and its origin corresponds to the wherex 0 ,x 1 ,ỹ,w are the homogeneous coordinates of P 3 . We see thatĈ λ,µ intersects G at (1 : λ : −µ : 1). This shows that BsL λ is disjoint from G. Moreover G λ is isomorphic to (x 1 − λx 0 =w +x 0 = 0) ⊂ P 4 .
Therefore (1) and (2) are verified. We see thatΓ is a nonsingular curve, W is nonsingular alongΓ and the multiplicity of a general member of H W alongΓ is 1. From this we deduce that (W, 1 2 H W ) is klt (in fact, terminal). Thus (3) is verified. Lemma 7.7. For a general λ ∈ C, the intersection form of (x 0 = 0)| S λ = Γ + ∆ is nondegenerate.
Proof. Since Γ + ∆ ∼ Q A| S λ and Γ intersects ∆ at one nonsingular point, we have
Therefore the intersection form of (x 0 = 0)| S λ = Γ + ∆ is nondegenerate. 1, 4, 6 ). This condition is equivalent to the condition that the scheme (x 0 = x 1 = 0) X is irreducible. In the following, we assume that (x 0 = x 1 = 0) X is reducible. In [14] , this generality condition is only used to exclude singular points of type 1 2 (1, 1, 1), hence it is enough to consider those points.
Let p ∈ X be a singular point of type 1 2 (1, 1, 1) . The aim of this subsection is to construct a birational involution of X which untwists the maximal singularity centered at p under the assumption that p is a maximal center. Let x 0 , x 1 , y, z, s 0 , s 1 be homogeneous coordinates of P (1, 1, 2, 3, 4, 4) of degree respectively 1, 1, 2, 3, 4, 4.
Lemma 7.9. We can choose homogeneous coordinates x 0 , x 1 , y, z, s 0 , s 1 with the following properties.
(2) Defining polynomials of X can be written as
Proof. By replacing coordinates, we can assume that p = p 2 . Then we can write defining polynomials as F 1 = ys 0 + f 6 and F 2 = y 2 s 1 + yg 6 + h 8 , where
Replacing y with y − f 2 , where f 2 = f 2 (x 0 , x 1 ) is a polynomial such that f 6 = s 0 f 2 + f 6 for f 6 = f 6 (x 0 , x 1 , z, s 1 ), we may assume that f 6 does not involve s 0 . Quasismoothness of X implies that X does not pass through p 3 , that is, z 2 ∈ f 6 . Then, replacing z suitably, we may assume that f 6 = z 2 + s 1 a 2 + a 6 for some a i ∈ C[x 0 , x 1 ]. Let α ∈ C be the coefficient of z 2 in g 6 . By replacing F 2 with F 2 − αyF 1 and s 1 with s 1 − αs 0 , we may assume that α = 0. Thus,
We shall show that β = 0, γ = 0 and δ = 0. We have
). By the assumption, (x 0 = x 1 = 0) X is reducible, which is equivalent to the condition β = 0. It follows that X passes through p 4 . Since X is quasismooth at p, we have γ = 0. If δ = 0, then X passes through p 5 . But then X cannot be quasismooth at p 5 since ys 1 / ∈ F 1 . This shows δ = 0. By re-scaling coordinates, we may assume that γ = δ = 1. It remains to show that we can write h 4 = zx 0 +c 4 for some c 4 = c 4 (x 0 , x 1 ) after replacing x 0 and x 1 . If neither zx 0 ∈ h 4 nor zx 1 ∈ h 4 , then X is not quasismooth at (0 : 0 : 1 : 1 : −1 : 0) ∈ X. This is a contradiction and thus at least one of zx 0 and zx 1 appears in h 4 . Therefore, we can write h 4 = zx 0 + c 4 for some c 4 after replacing x 0 and x 1 . This completes the proof.
In the following, we fix homogeneous coordinates of P(1, 1, 2, 3, 4, 4) as in the above lemma. Let ϕ : Y → X be the Kawamata blowup of X at p with exceptional divisor E. Let q ∈ Y be the singular point of type 1 4 (1, 1, 3 ) which is the inverse image of p 4 ∈ X by ϕ. Let ψ : W → Y be the Kawamata blowup of at q with exceptional divisor F ∼ = P (1, 1, 3) . For complex numbers λ and µ, we set S λ := (x 1 −λx 0 = 0) X and T λ := (s 1 −µx 4 0 = 0) X . We see that S λ is normal for a general λ ∈ C. For i = 1, 2, we defineF i = F 1 (x 0 , λx 1 , y, z, s 0 , µx 4 0 ) ∈ C[x 0 , y, z, s 0 ]. We have T λ | S λ = Γ + C λ,µ , where Γ = (x 0 = s = s 1 = ys 0 + z 2 = 0) and C λ,µ = (x 1 − λx 0 = s 1 − µx 4 0 =F 1 =F 2 /x 0 = 0). Note thatF 2 is indeed divisible by x 0 but not by x 2 0 since F 1 ∈ (x 0 , x 1 , s 1 ) and s 0 zx 0 ∈ F 2 . By eliminating x 1 and w, the curve C λ,µ is isomorphic to the weighted complete intersection in P(1, 2, 3, 4) with homogeneous coordinates x 0 , y, z, s 0 defined by the equations of the form ys 0 + z 2 + αx 6 0 = d 3 s + e 7 = 0 for some d 3 , e 7 ∈ C[x 0 , y, z] such that zy 2 / ∈ e 7 , y 3 x 0 / ∈ e 7 and the coefficient of z in d 3 is 1. For a curve or a divisor ∆ on X, we denote by∆ the proper transform of ∆ on Y , and for a curve of a divisor ∆ on X or Y , we denote by∆ the proper transform of ∆ on W .
Lemma 7.10. Let C be a curve defined in the weighted projective space P(1, 2, 3, 4) with homogeneous coordinates x, y, z, s by the equations ys + z 2 + αx 6 = d 3 s + e 7 = 0, where α ∈ C and d 3 , e 7 ∈ C[x, y, z]. Assume that the coefficient of z in d 3 is nonzero and that neither zy 2 ∈ e 7 nor y 3 x ∈ e 7 . Then the following hold.
(1) C contains at most one component which is contracted by the projection P(1, 2, 3, 4) P(1, 2, 3) to the coordinates x, y, z and if C contains such a component, then it is the curve (y = d 3 = 0). Proof. The curve C contains a component which is contracted by the projection P(1, 2, 3, 4) P(1, 2, 3) if and only (y = d 3 = 0) ∩ C is a curve. By the assumption z ∈ d 3 , the curve (y = d 3 = 0) is irreducible and reduced. This proves (1) . (2) follows since C is quasismooth at the point (0 : 0 : 0 : 1). Since C contains at least one component along which C is reduced, it follows that C is reduced if it is irreducible. This proves (3).
For complex numbers λ, µ and ζ, we set 1, 2, 3, 4, 4) . Lemma 7.11. One of the following holds.
(1) There are infinitely many pairs (λ, µ) ∈ C 2 such that C λ,µ is reducible and contains a curve C λ,µ,ζ as a component for some ζ ∈ C depending on λ, µ.
(2) There are infinitely many pairs (λ, µ) ∈ C 2 such that C λ,µ is reducible but does not contain a curve C λ,µ,ζ for any ζ ∈ C. In this case there is a component C • λ,µ of C λ,µ such that C • λ,µ passes through p but does not pass through p 4 . (3) For all but finite exception of pairs (λ, µ) ∈ C 2 , the curve C λ,µ is irreducible and reduced.
Proof. This follows from Lemma 7.10.
We compute several intersection numbers. We describe ϕ and ψ explicitly. We see that x 0 , x 1 , z vanishe along E to order 1/2 and, by looking at the defining equations, s 0 , s 1 vanish along E to order respectively 2/2 and 4/2. It follows that ϕ : Y → X can be realized as the embedded weighted blowup of the ambient weighted projective at p with wt(x 0 , x 1 , z, s 0 , s 1 ) = Proof. We see thatΓ intersects E at one point (0 : 0 : 1 : −1 : 0) ∈ P(1, 1, 1, 2, 4) so that (E ·C λ,µ ) = 1. Hence we have
Recall that C λ,µ is defined by the equations x 1 −λx 0 = s 1 −µx 4 0 = ys 0 +z 2 +αx 6 0 = d 3 s 0 + e 7 = 0 for some α ∈ C and d 3 , e 7 ∈ C[x 0 , y, z] such that the coefficient of z in d 3 is 1 and zy 2 , y 3 x 0 / ∈ e 7 . Let β be the coefficient of yx 0 in d 3 and let γ, δ be the coefficients of z 2 x 0 , zyx 2 0 in e 7 , respectively. The intersection points ofĈ λ,µ andÊ are the solutions of the equation Proof. We divide the proof into two cases according to cases (1) or (2) in Lemma 7.11. We first assume that we are in case (1) , that is, there are infinitely many (λ, µ) such that C λ,µ contains a curve C λ,µ,ζ for some ζ. Let (λ, µ) be any pair among the above infinitely many pairs. We write C λ,µ = C λ,µ + C λ,µ,ζ . We see that C λ,µ,ζ is disjoint from E so that we compute Note that a component ofC λ,µ which is disjoint from E intersects −K Y nonpositively and there exists at least one component ofC λ,µ which is not disjoint from E. It follows that there is a component C • λ,µ of C λ,µ such that (−K Y ·C • λ,µ ) ≤ 0 and (C • λ,µ · E) > 0. Therefore p is not a maximal center by Lemma 2.19. Assume that we are in case (2) , that is, there are infinitely many (λ, µ) such that C λ,µ is reducible but does not contain C λ,µ,ζ for any ζ. Let (λ, µ) be one of the above pair. Let C • λ,µ be a component of C λ,µ which passes through p but does not pass through p 4 . It follows that (E ·C Let π : X P(1, 1, 4) be the projection to the coordinates x 0 , x 1 , s 1 , which is defined outside Γ. Let π λ : S λ P(1, 4) ∼ = P 1 be the restriction of π to S λ and π λ :Ŝ λ P 1 be the composite of (ϕ • ψ)|Ŝ λ :Ŝ λ → S λ and π λ . We setÊ λ = E ∩Ŝ λ andF λ = F ∩Ŝ λ . We can write H| S λ = L λ + Γ, where L λ is the movable part which defines π λ . Note that C λ,µ 's for µ ∈ C and 4(x 0 = 0)| S λ −Γ = 3Γ+4∆ are the members of L λ , where ∆ = (x 0 = x 1 = s 0 + s 1 + y 2 = ys 0 + z 2 = 0).
Lemma 7.14. Let λ be a general complex number. The the following hold.
(1) The indeterminacy locus of π λ consists of two points p and p 4 , andπ λ is a morphism. LetL λ be the proper transform of L λ onŜ λ . We shall show thatL λ is base point free and that bothÊ λ andF λ are irreducible. We use the explicit description of ϕ and ψ before Lemma 7.12. Then we see thatÊ λ ∼ = E ∩S λ is isomorphic to 1, 1, 2, 4 ). This shows thatĈ λ,µ 1 ∩F is disjoint fromĈ λ,µ 2 ∩F λ for µ 1 = µ 2 , and hence BsL λ is disjoint fromF λ .
We havê (1, 1, 6, 3, 4) . ThusĈ λ,µ 1 ∩ F =Ĉ λ,µ 2 ∩ F for µ 1 = µ 2 and BsL is disjoint from F . Hence (1) and (2) are proved.
Let W → W be the Kawamata blowup at the .
